
Lambda CalcXlXV

YoXU FaYoUiWe LangXage
Probably has lots of features©

Assignment » x = x + 1 ¼

Booleansª integersª charactersª stringsª «

Conditionals

Loops

return ª break ª continue

Functions

Recursion

References µ pointers

Objects and classes

Inheritance

«

Which ones can we do without°

What is the mmallemo pniuelmal langpage°

 

CANVAS

github USER

arrays GITHUB
do assignment
OO Lambda

y



WhaW iV cRPSXWable?

BefRUe 1930V
Infolmal nooion of an e|ectiuelx calcplable fpncoion©

can be comppoed bx a hpman vioh pen and papelª folloving an algoliohm

TURINGMACHINE



1936: Formalization
What is the mmallemo pniuelmal langpage?

Alan Turing

21 yrs



Alon{o Chplch

TKe Ne[W 700 LaQJXaJeV
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Peoel Landin

Whapever phe nexp ��� langqagen pqrn oqp po be« phey will nqrely be varianpn of

lambda calcqlqn°

Peoel Landinª ����



TKH LaPbda CaOcXOXV
Has one feature:

Functions

No, really

Assignment ( x = x + 1 )

Booleans, integers, characters, strings, …

Conditionals

Loops

return , break , continue

Functions

Recursion

References / pointers



Objecom and clammem

Inhelioance

Re�ecoian

Male ilecimelxª only thing xap can da im©

De�_e a fpncoian

Ca\\ a fpncoian



DeVcUibiQg a PURgUammiQg LaQgXage
Syntaxª vhao do iloglamm look like°

Semanticsª vhao do iloglamm mean°

Operational semantics© hov do iloglamm ewecpoe moei¿bx¿moei°

S\QWa[: WhaW PURgUamV LRRk Like

H ::= [

    _ \[ -> H

    _ H1 H2

Ploglamm ale ewilemmianm H  »almo called λ¿oelmm¼ of one of ohlee kindm©

Valiable

[ ª \ ª ]

syntax
SEMANTICS

or

1 variables

function a relume fun
e ez all



Abmolacoion »aka nameless fpncoion de�nioion¼

\[ -> H

[  im ohe formal ialameoelª H  im ohe body

Æfol anx [  comipoe H Ç

Aiilicaoion »aka fpncoion call¼

H1 H2

H1  im ohe functionª H2  im ohe argument

in xopl fauolioe langpage© H1(H2)

»Hele each of H ª H1 ª H2  can iomelf be a ualiableª abmolacoionª ol aiilicaoion¼

Examples

Cx e

henchmen return e

O

function a return a



\x -> x             -- The ideQWiW\ fXQcWiRQ

                    -- ("fRU aQ\ [ cRPSXWe [")

\x -> (\\ -> \)     -- A fXQcWiRQ WhaW UeWXUQV Whe ideQWiW\ fXQcWiRQ

\f -> f (\x -> x)   -- A fXQcWiRQ WhaW aSSlieV iWV aUgXPeQW 

                    -- WR Whe ideQWiW\ fXQcWiRQ

QUIZ
Which of ohe folloving oelmm ale mxnoacoicallx incalleco°

A¯ \(\x -> x) -> \

B¯ \x -> x x

C¯ \x -> x (\ x)

D¯ A and C

D
ii.nhi

functionCx return functiong returny

e x Ix e l Ce ez
p

x GNITvalidtears

77 eked
Z



E. all af ohe abaue

Examples
\x -> x             -- The ideQWiW\ fXQcWiRQ

                    -- ("fRU aQ\ [ cRPSXWe [")

\x -> (\\ -> \)     -- A fXQcWiRQ WhaW UeWXUQV Whe ideQWiW\ fXQcWiRQ

 

\f -> f (\x -> x)   -- A fXQcWiRQ WhaW aSSlieV iWV aUgXPeQW 

                    -- WR Whe ideQWiW\ fXQcWiRQ

Hav da I de�ne a fpncoian vioh ova algpmenom°

e¯g¯Ìa fpncoian ohao oakem x  and \  and leoplnm \ °

or

Ix sfx y x

IK y x

a a b



\x -> (\y -> y)     -- A fXQcWiRQ WhaW UeWXUQV Whe ideQWiW\ fXQcWiRQ

                    -- OR: a fXQcWiRQ WhaW WakeV WZR aUgXPeQWV

                    -- aQd UeWXUQV Whe VecRQd RQe!

Hov do I applx a fpncoion oo ovo argpmenom°

returns
a
second fuct

takesinput
a

t.iawsmmm.ir y

D
1 port toss

call with 2 inputs
tos.ee csult



e¯g¯Ìaiilx \[ -> (\\ -> \)  oo aSSOH  and baQaQa °

(((\[ -> (\\ -> \)) aSSOH) baQaQa) -- first appl\ to apple,

                                   -- then appl\ the resXlt to banana

S\nWacWic SXgar

t x ly y
w

functionG returnfunction y returny



inmoead of ve vlioe

\[ -> (\\ -> (\] -> e)) \[ -> \\ -> \] -> e

\[ -> \\ -> \] -> e \[ \ ] -> e

(((e1 e2) e3) e4) e1 e2 e3 e4

\[ \ -> \     -- A fXncWiRn WhaW WhaW WakeV WZR aUgXmenWV

              -- and UeWXUnV Whe VecRnd Rne...

              

(\[ \ -> \) apple banana -- ... aSSlied WR WZR aUgXmenWV

SemanWicV : WhaW ProgramV Mean

Ix yz e



How do I “runÇ / “executeÇ a λ-term?

Think of middle-school algebra:

-- Simplify expression:

  ([ + 2)*(�*[ - 1)

  

  """

Ewecpte Ú rewrite step-by-step following simple rules, until no more rules apply

ReZriWe RXles of Lambda CalcXlXs

21 3 9 4
He

213 5

I
5 s
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1¯ α¿step »aka me`a_i`g fbm_aln¼

2¯ β¿step »aka fq`cpib` call¼

But �rst we have to talk about scope

SemanWicV: Scope of a Variable
The part of a program where a uariable is uisible

In the expression \x -> e

x  is the newly introduced variable

e  is the scope of x

any occurrence of x  in \x -> e  is bound »by the binder \x ¼

For exampleª x  is bound in:

  \x -> x

  \x -> (\\ -> x)

First scopeofx y

functioned K x

A



An accpllence af x  in e  im flee if ioÉm nop boqnd bx an enclaming abmolacoian

Fal ewamileª x  im flee in©

  x \                -- QR biQdeUV aW aOO!  

  \\ -> x \          -- QR \[ biQdeU

  (\x -> \\ -> \) x  -- [ iV RXWVide Whe VcRSe Rf Whe \[ biQdeU;

                     -- iQWXiWiRQ: iW'V QRW "Whe VaPe" [

QUIZ
In ohe ewilemmian (\x -> x) x ª im x  boqnd al free°

A¯ bapnd

B¯ flee

funITW.rufuucykretyi33

fr ka

Ii
D F B

B3 zg



C¯ �lmo occpllence im bopndª mecond im flee

D¯ �lmo occpllence im bopndª mecond and ohild ale flee

E¯ �lmo ovo occpllencem ale bopndª ohild im flee

FUee VaUiableV
An ualiable [  im Plee in H  if pheme exinpn a flee occpllence of [  in H

We can folmallx de�ne ohe meo of all fmee vamiablen in a oelm like mo©

)9([)       = """

)9(?[ -> H) = """

)9(H1 H2)   = """

igad

i



ClRVed E[SUeVViRnV
If e  ham nb fmee vamiablen io im maid oo be clamed

Clomed ewplemmionm ale almo called cambi_aoalm

Whao im ohe mholoemo clomed ewplemmion°

doe To

Ix a



ReZUiWe RXleV Rf Lambda CalcXlXV

1¯ α¿step »aka me`a_i`g fbm_aln¼

�¯ β¿step »aka fq`cpib` call¼

SemaQWicV: β-RedXcWiRQ

  (?[ -! H1) H2   =E!   H1>[ := H2@

IT
Copy paste

1 7217 apple b apple
la la M
x e ez

dE ee

0 IF



vhele e1[[ := e2]  meanm Æ e1  vioh all free accpllencem af [  leilaced vioh e2 Ç

Camipoaoian bx searchÀandÀreplace©

If xap mee an abspracpion aiilied oa an argqmenpª oake ohe body af ohe abmolacoian

and leilace all flee accpllencem af ohe formal bx ohao argqmenp

We max ohao (\[ -> e1) e2  β¿moeim oa e1[[ := e2]

Examples

(\[ -> [) aSSle     

=b> aSSle

Ted

l x x apple b apple

fmate Rea eCx eD
Ix ly3ydapple banana

et Te
b ly y banana

Tx Tei Tei
b banana



Is this right? Ask Elsa »http:µµgoto.ucsd.edu:8095µindex.html#?demoÚblank.lc¼!

(\f -> f (\[ -> [)) (giYe apple)

=b> ???

QUIZ

(\[ -> (\\ -> \)) apple

=b> ???

A. apple

B. \\ -> apple

C. \[ -> apple

Xsay y apple bn y

ly iy y appleni
e e e eex e
ly y
ly apple
tay x

lappie appe.se

lx xxapple
D x xXxappleappliance

aiming
IT e Cx ez

Cy y


